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Abstract 

In this work we study the equation (E) x + f{x)x^ + g{x) = with 
a center at and investigate conditions of its isochronicity. When / and 
g are analytic (not necessary odd) a necessary and sufficient condition 
for the isochronicity of is given. This approach allows us to present an 
algorithm for obtained conditions for a point of (E) to be an isochronous 
center. In particular, we find again by another way the isochrones of 
the quadratic Loud systems {Ld,f). Some classes of Kukles are also 
considered. Moreover, we classify a 5-parameters family of reversible cubic 
systems with isochronous centers. 

Key Words and phrases: period function, monotonicity, isochronicity, 
center, polynomial systems^. 

1 Introduction and statement of results 

Consider the planar differential system 

x = P{x,y), y^Q{x,y), (1) 

where x — ^,y — P{x,y) and Q{x,y) are analytic functions defined in 
an open subset of . 

To study the integrability of system (1) we may investigate local first integrals. 
Consider the case where P and Q can be written 

P{x,y)^ -V + U{x,y), Q{x,y) = x + V{x,y) (2) 

where U and V are convergent series without linear terms. 

Recall that system (2) has a center at the origin if and only if it has a Lya- 

pounov first integral. Moreover, the center is isochronous if and only if system 
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(2) is lincarizablc. Namely, the origin of system (2) is a center if all orbits in a 
neighborhood are closed. is an isochronous center if the period of oscillations 
is the same for all these orbits. 

We say that system (2) is linearizable if there is analytic change of coordinates 
in the neighborhood of bringing the system into the linear one. 
Using the complex variable u = x + iy we may write (2) as a equation 

ii = iu + R{u,u) (3) 

where R{u, u) is an analytic function. 

To better understand isochronicity phenomena we substitute 

2-/1 . /^"^ 

r = uu, f) = arctanf— ). 

Re u 

we get 

dr . UU + uu 2r{Ru + Ru) 



ir- 



(4) 



dO iiu — uu 2r — R.u + Ru 

Let r{9,p) denotes the solution of (4) verifying r((],p) — p. 

The quantity r{2n,p) is the return map starting from the ^ = axis. 

Write 

ri0,p) = p + U2{9)p^ +U3ie)p^ + .... with uk{0) = 0. 

The origin is a center of equation (3) if r(27r, p) — p namely Mfe(27r) = 0. 
When system (3) has a center define the period function T{p) as the time spent 
by the closed orbit to return around the origin. 
Let us now write the angular speed 

d6 .XX + XX 
di " ~* 2r2 ■ 

So, near the origin the period function may be expressed 

T{p)=2Tr + J2tk{2Tr)p''. 

l<k 

Then, the center is isochronous if and only if tfc(27r) = for all fc > 1. 
It is known that the first k verifying tk{2n) ^ is necessary an even number. 
Notice that this number called period quantity plays a role in problems of bifur- 
cations of critical periods. 



Isochronicity phenomena has been widely studied not only for its impact 
in stability theory, but also for its relationship with bifurcation and boundary 
value problems. 

Up to now the center problem as well as the isochronicity problem for systems of 
the form (2) is solved in many cases of the systems with homogeneous quadratic 
and cubic nonlinearities. 
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Fbr the center of (2) the largest neighborhood of which is covered by 
periodic orbits is the period annulus of denoted by 70. A center is said to be 
a global center when its period annulus is the whole plane. 
Let the period function T associated to any periodic orbit 7 in 70. A center is 
said to be nondegenetate when the hnearised vector field at the critical point 
has two nonzero eigenvalues. It is well known that only nondegenerate centers 
can be isochronous. 

When the differential system is analytic (that means P{x,y) and Q{x,y) are 
analytic functions) it imphes that the period annulus of an isochronous center 
is unbounded. 

The orbits may be parameterized for example by choosing their initial values 
in the segment (0, tt) on the x - axis. 

Let T : 7o ^ i? , be the function defined by associating to every point {x, 0) S 70 
the minimum period of the trajectory starting at (x, 0), to reach the negative 
X-axis. T is the period function and is constant on cycles. We say that T is 
(strictly) increasing if, for every couple of cycles 71 and 72, 71 included in 72 , 
we have r(7i) < T(72) ( T(7i) < T(72)). 

is an isochronous center if T is constant in a neighborhood of 0. 

One of the most studied systems are those of the form 

x = V, y = -Q{x,y), (5) 
which are equivalent to the second order equation 

£ + Q{x,x) =0. 

Notice that a stationary point of a second order differential equation is a center 
if it corresponds to a center for the equivalent planar system. 
Many second order differential equations arising from mechanics and electricity 
can be reduced to that of suitable systems. Such systems are also called Kukles 
systems when Q{x, y) is a polynomial with real coefficients of degree d without 
y as a divisor. 

Volokitin and Ivanov proved that for every positive integer m, the origin 
is an isochronous center of the equation 

x + x'^'^-''x{x'^ + x^) + x = Q. 

More precisely, they proved that the equivalent system 

x = y-, y = -x- a;^'""^y(a;^ + y^) + x, 

has only trivial polynomial commutators. 

The Lienard equation 

X + f{x)x + g{x) = 
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and tho isochronicity of its center has motivated many authors. 
In particular, Christopher, Devlin, Lloyd and Sabatini [C-S] proved if / and g 
are analytic odd functions of x with g'{Qi) = 1 and xg{x) > in a neighborhood 
of the origin. Then the Lienard equation has an isochronous center at if and 
only if 

g{x)=X+^(^J\f{Od^) . 



Here is another interesting equation of Lienard type 
(E) x + f{x)x'^+g{x) = 
or its equivalent system denoted also (E) 

x = y, y = -g{x) - f{x)y'^ 

where /, g are of class in a neighborhood of verifying the condition xg{x) > 

for X 7^ and ^(0) > 0. A such equation has special properties. 

In particular, it can be reduced to a conservative equation and then has a first 

integral. Opposite to the Lienard equation which cannot be reduced (in general) 

to a conservative equation and a first integral is unknown (except for very few 

cases). 



Equation (E) has many physical appHcations, [L-R]. Indeed, that is a model 
of one dimensional oscillator studied at the classical and also at the quantum 
level. The following particular case interested specially the physicists 

The general solution takes the form x{t) = Asm{j^^t + cf)). Curiously, that is 
the only case which permits to expHcitly determine the amplitude dependance 
of the period function 



T = T(A) = — . 

a 

^(0) = ^ corresponds to the center 0. We see that T{A) is an increasing 
function. ^ 



^see below in Appendice 1 some facts concerning monotonicity properties which may in- 
terest physicists. 
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When / and g arc of class in {E) , Sabatini [S] gave a sufRcicnt condition 
for the monotonicity of the period T or for the isochronicity of 0. Such a con- 
dition is also necessary when / and g are odd and analytic. 

This paper is organized as follows. We give here a sufficient condition for 
the monotonicity of the period T of equation {E) . When / and g are analytic 
- not necessary odd - we establish a necessary and sufficient condition for the 
isochronicity of the center 0. We then extend some Sabatini's results. 
This fact allows us to present an algorithm for finding conditions for a critical 
point to be an isochronous center of [E). It is based on a transformation of 
equation {E) to a conservative one and in using an Urabe theorem. 
Applying to quadratic systems, we find another isochronicity condition for the 
dehomogenized Loud systems {L£),f) '■ 

(C2) 4^^^ + 24£>F + 24£>2 + 2DF^ - - 4F - 2£) + 1 = 0. 

Combining with the classical relation 

(Ci) 4:F^ + 10DF+10D^~D-5F+1 = 0, 

it yields exactly the four isochrones for (Ld,f): say {Lq,i),{L^ (-^o.i); i)- 
Another application concerns the monotonicity of the period function for the 
reduced Kukles systems. 

Finally, we contribute to the study of some (non homogenous) cubic systems 
with an isochronous center. We prove that the 5-parameters system 

f x = -y + bx'^y 

\ y = X + oix^ + aay^ + UiX^ + a^xy'^ 

admits only four classes of isochrone systems. This produces examples of cubic 
reversible systems verifying i?3 = "^^"^ ^ that are not covered by the classi- 
fication of Chavarriga and Garcia ([C-S] sect. 12). 

Aknowledgment : I would like to thank Javier Chavarriga whose his help 
permits us to state below Theorem 4-3 . 
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2 Isochronous centers of the system (E) 

Let us consider 

(E) x = y, y = -g{x) - f{x)y^ 

and the integrals 



F{x) = [ f{s)ds, (j){x) = [ e^'^'Us. 
Jo Jo 



(6) 



If /, g are of class in a neighborhood Nq of 0, then the function u = 4>{x) is 
invertible in Nq. The following in particular allows us to transform {E) into a 
conservative one, ( Lemma 1 of [S]) 

u + g{u) = 



Lemma 2-1 Under the above hypothesis x{t) is a solution to 

(E) i + f{x)x^ + g{x) = 

if and only if u{t) = 4>{x{t)) is a solution to 

(E,) ii + 5(<^-i(«))e^(<^"'("» =0 

and the function g{u) = g{4)~^ {u))e^^'^ ("^^ is of class . 
Moreover, if is a center of (E) then it is also a center of {Ec) 

Consider the change u = (f>{x). It gives ii = e^^^^x and 

u = /(a;)e^(^)a;2 + e^^^^x = e^^^^ix + f{x)x'']. 

Then 

Moreover, (E) has a center if xg{x) > 0. in A^o- Or equivalently (j){x)g{x) > 
since by definition x(p{x) > in Nq. It implies 4'{x)g{x)e^^^^ > 0. 
That means (Ec) has a center at since ug{u) > for u closed to and w ^ 0. 
Notice that when g is analytic xg{x) > in A^o is a necessary and sufficient 
condition for the origin to be a center. 

By this lemma we may deduce at first, trivial cases of isochronicity for equa- 
tion (E). Taking 

g{u) = (7(0-^(w))e^(^"'("» = Ku 

with K >0. 

We see that when F e C^{No) all equations of the form 

x + F'(x)i2+e-^(") r e^^'Us = (7) 
Jo 
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have a isochronous center at ( the symbol ' means -^.) 

There are many others equations reducing to the trivial linear one, as we will 
see below . 

Consider the conservative system 

(Ec) u = v, v = -g{u) 
where g is and such that ^(O) = 0, (0) = 1. Let the integral 

G{u)= r ~g{s)ds 
Jo 

The following proved by Urabe permits to characterize isochronous centers for 
systems (Ec), see [U]. 

Lemma 2-2 Let g(u) he a function defined in Nq a neighborhood 

of verifying ug{u) > in Nq. Then the system {Ec) has an isochronous 
center at the origin if and only if by the transformation X'^ = 2G{u) where 
^ > 0, g{u) may he written 

where h{X) is a odd function 

When h{X) is non trivial we will call it in the sequel the Urabe function. 
A simple example of isochronous case may be obtained in solving the differential 
equation 

Sg^5g"'{u)-3~g'iu)g"'{u)^0. (8) 

- It is known that S(g) = 5g"^{u) — 3g'{u)g"'{u) ^ implies the monotonic- 
ity of the period function for System (Ec) near a center. This criteria has been 
introduced by R. Schaaf, [Sc]. 
Resolution of (3) gives 

g{u) = l-{l + 2u)-^ 

which corresponds to the odd trivial function h{X) = X and the corresponding 
isochronous potential is 

G{u) = l + u- \/l + 2u 
where — | < u < | so that this potential is analytic. 

Using preceding lemmata one may deduce other (non trivial) classes of equa- 
tions {E) having an isochronous center at 0. 
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Proposition 2-3 Let f,g G C^{No), where No is a neighborhood ofO and 
xg{x) > m Nq then the origin is a center of Equation 

(E) £ + f{x)x^+gix)=0 

(if g is analytic then is a center if and only if xg{x) > in Nq). 
Suppose the integral of f : F{x) — f{t)dt verifies 



e^w+e^^-^^=2 and g{x)=K- 



2F{x) 



where K is a positive constant, then is an isochronous center of (E). 

In particular if in addition g is odd, then is an isochronous center of (E) if 

and only if f{x) = and g{x) = Kx. 

Notice at first that the classes of functions g given by Proposition 2-3 is 
different as (7). Indeed, suppose 



o2F{x) 



a quick calculation shows that no function F ^0 verifies this functional equation 
( F = 0, corresponds to an odd function g). 

Proof Let X defined by 

Consider the following change of variable 

u = X + H{X) 

where H{X) is an even function defined in a neighborhood of such that 
-ff(O) = and h{X) is its derivative such that > 0. Since u = 4>{x) then 
(j){x) = X + H{X) is invertible in a neighborhood of 0. 
Let />) = e^(-) - 1. Then, ^ = /(! + /). 
So, 



dl 

f = .jkL^ and g = Kxe'^^ 



Kx 



1 + / (1 + /)' 

Thus, {E) is equivalent to 

^ Kx 
X + -^x^ + - = 0. (9) 
1 + / + 

However, = 1 + / implies u = (j){x) = e^^^^ds = x + F{x) where 



Kx 



Fix) = lo fis)ds and g{u) = g{x)en-) ^^^^^^ 
Moreover, 



^-X^ = j\{s)e'^^'Us = lKx^ 



2 
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Then , 

X = x\/K, and qiu) = — - — . 

Therefore, if f{-^) is an odd function or equivalently 

e^(-) + e^(-^) = 2. 

Then by Lemma 2-2 (Urabe theorem) Equation (4) has an isochronous center 
at 0. When g = g{x) is odd then a necessary and sufficient condition for to 
be an isochronous center is : f{x) = and g{x) = Kx. 

Consider the following 

Lemma 2-4 Equation (E) has an isochronous center at the origin if and 
only if 

(i + Mx,)j>+*A. + _|_ = „ (10) 



where 



X^ = 2G{x), G{x)= r g{s)e''^^'Us 
Jo 



has an isochronous center at the origin where h{X) is an odd function and 
h € C^{No,R), No is choosen such that 1 + h{X) > 0. 



Using the change X = x\J K equation (10) is obviously derived from (9) 
which is equivalent to (E) . This lemma impHes that (E) has also an isochronous 
center at the origin. 

This completes the proof of Proposition 2-3. 



Proof of Lemma 2-4 



Condition xg[x) > in a neighborhood of implies the origin is a center of 
(E). For X closed to one has X [x+h{x))'^ ^' This means is a center of 

(5). Let H{X) = h{s)ds be the primitive of h{X) and denote as above by 

u = X + H{X), u = (j){x) = e^(^). 

Then, § = (l-f- h{X))X and ^ = (1 + h{X))X + ^X"^ . Moreover, since 
H{X) is an even function and 1 -|- h{X) / then the relation u = X + H{X) is 
invertible in a neighborhood of 0. Let the inverse X = 4>{u). 

By Urabe theorem (Lemme 2-2) {E) has an isochronous center at the origin 
if and only if the equation 

u + g{u) = 
has an isochronous center at the origin 0, where 

g{u) = g{x)e^^^\ 
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Moreover, 

~(u) = ^ = <^(^) 

1 + h{X) 1 + h{4>{u)) 

where h{X) is an odd function. It is also equivalent to assert that the center 
of (5) is isochronous. 

furthermore, we are able to produce the exact expression of the period func- 
tion T of (E). This one naturally depends on h{X) defined above. 
Notice that the Urabe function h{X) also plays a role for the monotonicity of 
the period function T near the center of (E). 

Proposition 2-5 Let f, g he analytic function, and consider Equation 
(E) x + f{x)x''+g{x)=0 
with a center at the origin 0. 

Let X defined by ^X"^ = g{s)e'^^^^^ds and H{X) is such that 

/o" e^^'Us = X + H{X) and X e^^'Us > 0. 

Then the period function T may be expressed under the form 

T = T{c) = 2 r [l + ^{V2'csme)]d9 
I dX 



where the constant c — ^ = 0). 

Moreover the following holds : 

(i) 3^(0) > then the period function T increases in a neighborhood of 0. 
(a) ^^(0) < then the period function T decreases in a neighborhood o/O. 
(Hi) ^^(0) = is a necessary condition for the center to be isochronous 

Proof By Lemma 2-1, (E) is equivalent to the conservative system 
ii = V, V = —g{u) where g{u) = g{x)e^'^^^ where u = e-'^^^^ds. 
Then a such function may be written 

^^^^ = irkx) 

where h{X) = ^. 

A calculus yields 

dg _ dX 1 h'{X)X 1 h'{X)X 



9'{u) 



du du'l + h{X) {l + h{X)Y' {l + h{X)f {l + h{X)f 
-3h' - h"X 3h'^X 



~9"{u) 



{i + h{x)Y^ {i + h{x)f 



10 



-ra/ ^ -4/i"-/i(3)X 15h'^ + 10h'h"X 15h'^X 



{l + h{X))5 {l + h{X))<^ {i + h{x)y 
So, 

g'{0) = l, ~g"{0) = -3h'{0), ~g^'\0) = -4h"{0) + 15h'\0) 
We thus obtain 

j3 rr 

5g"'{0) - 35'(0)ff(3)(0) = 12h"{0) = 12^(0). 

By Schaaf criteria [Sc] for the monotonicity of the period function for a conser- 
vative system (see above Equation (8)), we easily deduce assertions (i), (ii) and 
(iii). 

Turning now to the expression of the period function. 
It is wellknown the period function of the conservative system 

(Ec) u = v, v = -g{u) 

with a center at may be expressed 

du 



T{c) = V2 f 

J a 



G{u) 



where G{u) = g{s)ds, the constants a,b are such that a < < 6 and 
G{a) = G{b) = c. 

Recall at first the relation u = X + H{X) is invertible in a neighborhood of 0. 
Its inverse will be used for change of variables X = (f>{u) which transforms the 
closed orbits into circles centered at the origin. Then : 

/""^ XdX 
T{c) = V2 / ==. 

Finally, another change of variables X = \/2csm6 gives 



Tic) = 2 r de 

i_5 g{u{V2^sm0)) 
T{c) = 2y Jl + ^{^f2csme)]de. 

As a consequence of Proposition 2-5, we easily deduce that a necessary con- 
dition for the center to be isochronous is /i"(0) = 0. 

In fact, we may obtain a better result as we will see in the sequel : condi- 
tion " h{X) odd " is a necessary and sufficient condition for the center to be 
isochronous, without supposing f^g odd. 

Our main result is the following 
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Theorem 2-6 Let f, g be analytic function in a neighborhood Nq of , 
and xg{x) > for x ^ then 

(E) x + f{x)x''+g{x)=0 

has an isochronous center at the origin if and only if 



1 + h{X) 



where X is defined by ^X"^ = g{s)e'^^'^''^^ds and h{X) is an odd function 
such that (i){x) = e^^'Us = X + h{t)d.t and ^ > 0. 
In particular, when g and f are odd then is an isochronous center if and 
only if g{x) = e~^^''^(f>{x) (or equivalently h{X) = Q). 

Proof Theorem 2-6 may be deduced from preceding Lemmata. 
Let u = (j){x) = Jq e^^^^ds and define 

~g{u) ^ g{x)e^(^\ 

Then, by Lemma 2-1 system (E) is equivalent to the conservative one 

(Ec) u = v, v = -g{u) 
where g is such that ^(0) = 0, 3^(0) = 1. Let the integral 

G{u)^ r ~g{s)ds. 
Jo 

Moreover, (E) has a center if xg(x) > in A^o i-e. 4>{x)g(x) > since 
> in -/Vq. It imphes (j){x)g{x)e^'^^^ > 0. 
We deduce that (Ec) has a center at since ug{u) > for m closed to and 

The converse is also true. When is an isochronous center of (Ec) this imphes 
that is an isochronous center of (E). 

In fact, since / and g are analytic xg{x) > in iVo — {0} is a necessary and 
sufficient condition for the origin to be a center. 

So, We may assert that is a center of {E) if and only if it is a center of {Ec). 
In this case the integral G{u) may be expressed in terms of x 

G{u) = r g{a)e^^^^Ua 
Jo 

since ds = e^^'^^da. 

Furthermore, X which is such that X'^ = 2 Jq g{s)e'^^^^^ds must verify 
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On the other hand, by Lemma 2-2 (Urabe Theorem) (Ec) has an isochronous 
center at if and only if 

where h{X) is an odd analytic function such that h{0) = 0. 
Notice that by integration of X^ = g{u) = l_^_^x) "-"^^ S^ts 

u = X + H{X) = [ e^'^'Us 
Jo 



where H[X) = h{a)da. 

In the isochronicity case H[X) must be even and must verify -ff(O) = 0. 

Finally, the last part of Theorem 2-6 is a trivial consequence of the preceding. 
Indeed, h{X) = (or H{X) = since H is even) means the equivalence reduces 
to 

X = g{x)e^^^^ = (j){x) {E) has an isochronous center. 

In the last case, / and g must be odd. 

Remark Theorem 2-6 characterizes all the isochronous centers of {E) 
where / and g are analytic functions. When / and g are we get only nec- 
essary conditions. This characterization is based on the existence of an implicit 
function h which is reduced to /i = when / and g are odd. The calculation of 
the successive derivatives of g{it) = ^^'^(^x) ^Ho^s us to establish an algorithm 
in the same manner of the one obtained thanks to the derivatives of the period 
function. This algorithm will permit us to find conditions for a critical point to 
be an isochronous center of (E). 



Corollary 2-7 Let f,g be analytic function, then (E) has an isochronous 
center at if and only if 

^^+j^x)g[x) {l + h{X)r 



where h{X) is an odd Urabe . 
In particular, when f and g are odd one gets the equivalence (in the isochronous 
case) 

% + f{x)g{x) = 1 ^ h{X) ^ 



Indeed, hypothesis || -t- f{x)g{x) = ^~^'^(i^h{X)Y' ^^ implies by integration 
Y^^^ = 5((a;)e^(^) since ^(0) = and /i(0) = 0. Then by Theorem B, is an 
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isochronous center. 
The converse is trivial. 

More precisely, solving the differential equation 

1 + h{X) - h'{X)X 

{i + KX)f 



one gets the solutions 1 + h{X) = y x^+k - boundary condition 

h{0) = one have a unique solution : h{X) = 0. 

Thus, Corollary 2-7 improves Lemma 2 and Corollary 9 of [S] which are Hmited 
to the case + f{x)g{x) = 1. 

Another consequence of Theorem 2-6 is the following which yields another 
characterization for isochronous centers of (E) and may be deduced from [C-J]. 

Corollary 2-8 Under the hypotheses of Theorem B if in addition : 
+ f{x)g{x) — 1 is a polynomial in (j){x) = e~^^*^dt i.e. 

g{x) = e-^(^)[</)(ar) + C2{<l>ix)f + cs{<l>{x)f + ... + c„(<^(a;))"] 
then (E) has an isochronous center at if and only if g{x) = 4>{x)e~^'^^\ 

Indeed, hypothesis g{x) = e'^^^' [(/)(a;) + C2{(t>{x)Y + cz{(l)(x)f + ... + 
c„((j!)(a;))"] means 

g{u) = g{x)e'"^"''> = u + C2U^ + c:>,u^ + + c„m". 

Then, following [C-J] Equation (Ec) has isochronous center at and g(u) is a 
polynomial, then necessarily g{u) — u or equivalently g{x) = (j){x)e~^'^'^\ 

Corollary 2-9 Under the assumptions of Theorem 2-6 and suppose is 
an isochronous center of (E) then we have X = g{x)e^^^^ = Jq e^^'^^ds if and 
only if f{x) and g{x) are odd functions. 

Remark Recall that when is an isochronous center of (E), hypothesis 
/(.x) and g{x) odd impHes /(.x) = and g{x) is Hnear, Corollary 10 of [S]. 
When is an isochronous center of (E) and h{X) = then by Theorem 2- 
6, X = c/(a;)e-^(^), i.e. X = 0(a;). Since u = X + h{X) = X it follows 
gf(a;)e^(^) = ^(s). We get the converse if f{x) and g{x) are odd. 

Corollary 2-10 Let f,g be analytic functions and suppose {E) has an 
isochronous center at the origin 0. Let us define 

e^^''^ds = X + H{X) 
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where F{x) = f{s)ds, X is defined by \X'^ = g{s)e'^^^^^ds, 
^{X) = h{X) and H{0) = h{0) = 0. Consider 

9{u) = ^r^—r = 9ix)e^^''\ 

1 + ^{X) 

then 

-g'iO) = 1, g"(0) = g"{0) + /(O) = -3if"(0), 
5"'(0) = g"'{0) + 2/'(0) - f{0) = lbH"\Q). 



Recall here g = g{u), g = g{x) and H = H{X). 

Proof We calculate the successive derivatives of g{u). One gets: 

(1 + h)^g'{u) = {-X - Xh)h" + 2X{h'f -2h' -2 (h'h) 

{l+hfg"{u) = -X{l+hfh"'+7 {-3/7 h-3/7+Xh'){l+h)h"-8 {h'f{-l-h+Xh') 

~g"'{u) = [-X{1 + hf-^^h + 11 (-4/11 h + Xh'- 4/ll)(l + hfh'" 

+7X{1 + hf{h"f - 59 {~h + Xh' - ^)(1 + h)h'h" 
+48 {h'f{-l -h + Xh'h)]{l + /i)"^. 

Moreover, 

d.x'' \ax J \ax^ y \ax J ax 

We then deduce ^"(0) = ^"(O) + /(O) and ^'"(O) = g"'{0) + 2/'(0) - p{0). 

Remark By the same way one obtains 

5W(0)=5(^H0)-2/(0)5"'(0)-/2(0)ff"(0)+2/'(0)5"(0)-7/(0)/'(0)+/"(0)+2/3(0) 

5(5) (0) = g(5)(0) - 6/4(0) +5/3(0)g"(0) + [29/'(0) + 5g"'(0)]/2(0) + [-55(4)(0)- 
19/"(0)15/'(0)5"(0)]/(0) - 8/'2(0) + 5/"(0)5"(0) + 4/"'(0). 
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The proofs are omitted (the interested reader may used Maple for example). 

Moreover, using again the relation between g{u) and H{X) one finds in the 
isochronous case 

^W(o) = 3780 /i"'(0)(/i'(0)) +945 (/i'(0))^ 

g(5)(0) = -1800ft"'(0) - 105 {h'{Q)f. 

This procedure of calculate different derivatives of g and at allows us to 
define the algorithm described above for finding conditions for a critical point 
to be an isochronous center of {E). 

Corollary 2-11 Let f,g be analytic functions and consider Equation 

(E) i + f{x)±^+gix)=0 
with a center at the origin 0. Let 

Sif,9) = 5g"\0) + 105"(0)/(0) + 8/^(0) - 3g"'{0) - 6/'(0). 
Then the following holds: 

(a) - S{f,g) > then the period function T increases in a neighborhood ofO. 

(b) - S{f,g) < then the period function T decreases in a neighborhood o/O. 

(c) - Lf (E) has an isochronous center at then S{f,g) = 0. 

Corollary 2-11 may be deduced from the preceding one. We may also use 
the Schaaf criteria for the monotonicity of the period function for a conservative 
system, [Sc]. Indeed, 

5g"\0) - 39'{0)g"'{0) = 5[g"{0) + /(O)]^ - 3[9"'{0) + 2/'(0) - /^(O)] 

= 5g"\0) + 105"(0)/(0) + 8/2(0) - 3g"'{0) - 6/'(0) = S{f,g). 

Notice that expression of S{f, g) (which corresponds to the coefficient of the 
first nonhnear term of the period function) may also be obtained by Proposition 
2-4 since we have seen 

^(/,.)=P2 = ^^(0). 

When / and g are odd, S{f,g) reduces to S{f,g) = 8/^(0) - 3g"'{Q) - 6/'(0), 
(see Corollary 6 of [S]). 
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3 Applications to Loud systems 



In this part, we will apply preceding results to quadratic systems. In particu- 
lar, the algorithm presented above allows us to give another characterization of 
the isochrones of Loud systems in giving a new way of deriving the necessary 
condition. We then obtain a simple proof of Loud result for these systems. 

After a rotation of coordinates, the Bautin's system may be transformed to 
the form of the general Loud system : 

(T .{x = -y + Bxy 
for some B,D and F real parameters. 

Notice that if the parameter B ^ 0, then another change of variables u = Bx 
and V = By the Loud system brings to the dchomogenized form 

(T •.jx = -y + xy 
^^''•^>\y = x + Dx^ + Fy\ 

Loud showed by direct integration of the systems that for the choice of the four 
pairs {D, F) 

Ji(0,l); J2(-i2); h{0,i\y, hi'l^^) 

the corresponding system {Ld,f) has an isochronous center at 0. Using Urabe 
theorem. Loud showed these are the only isochrones. 

Recall that [C-J] proved the period coefficients pfe, k >2 for the dehomogenized 
Loud system are in the ideal {p2,P4) in the local ring R{D, F) localized at any 
of the isochrones h, I2, 13, h- Moreover, P2 is independant with respect to P4 
at each isochrone. 

Define a new independent time variable r by setting t t such that 
dt = tl;{x)dT where ip{x) is and V(0) = 1- 

Lemma 3-1 By this change of time scale the dehomogenized Loud system 
{Ld,f) is equivalent to a Lienard type equation (E) 

(Ft) i^ix)x = y, ip{x)y = -g{x) - f{x)y'^ 

where f(x) = E+1 ^ and g{x) = x{l - x){l + Dx)i>\ 
In particular, when ip = 1 it is equivalent to 

{El) X + ——x'^ + x{1 - x){1 + Dx) = 



17 



We shall prove this in two steps. Let 



{Ld,f) implies 



We then obtain 



dx d^x 2 2 / '^'0 

dr dr'^ dx 



X = —y + xy + xy = y{x — 1) + xy 
= {x + Dx^ + Fy^){x - 1) + y^{x - 1) 



^ = [(x + Dx^ + Fy'){x - 1) + y^x - + 



We thus deduce 

|| = [(x + Dx^){x - 1) + F{-^f{x - 1) + i^rix - + xV^ 

which implies 

Notice that in changing the time scale : t t, {Ld,f) is equivalent to a 
Lienard type system 

(Er) § = y, f = -9{x) - f{x)y\ 

So, the systems (i?t) and (-Br) have the same phase portraits, but different 
period functions. 

For the trivial case V = Oi one gets the following Lienard type equation equiv- 
alent to {Ld,f) 

-F + 1 

(El) x+ x'^ + x(l - x)(l + Dx) = 0. 

1 — x 

As a consequence of Theorem 2-6 and Corollary 2-10 one deduce the next result 
which yields a new way for obtained necessary and sufScient condition for a 
dehomogenized Loud system Ljj f to have an isochronous center at 0. Our 
method differs of the one used by Loud himself [L] and Chicone and Jacobs 
[C-J]. Besides their method based on the vanishing of the period quantity ^ 
gives (in addition to the four isochrones /i,J2,/3,/4) the three weak centers 
denoted Li,L2 and L3. In fact, p2 and p4 have at most eight common zeros 
counted up to multiplicity. Opposite to our approach which yields exactly the 
four isochrones and no more. 



^see the definition in the introduction 
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Theorem 3-2 Let X defined by \X'^ = s(l + Ds){l - s)-'^^-'^ds and 
the function H{X) is such that 

^[{l-x)-^-l]=X + H{X). 

The dehomogenized Loud system (Lu^p) which is equivalent to the Lienard type 
equation 

{El) X + ^^x'^ + x{1 - x){1 + Dx) = 
has an isochronous center at the origin if and only if H{X) is even and 

x{l - x)-^ {1 + Dx) = ^ 



1 + 



dX 



Moreover, {Ljj^p) has an isochronous center at for only the following values 
of the pairs [D, F) : 

/i(0,l); h{-\a): /3(0,i); h{-\,\) 



Corollary 3-3 The Loud system (L^.f) has an isochronous center at the 
origin if and only if 

„2 , .or. , , . l + h{X)-h'{X)X 



{l + h{X)f 



[F - 2)Dx^ + {2D + F -l)x + l = 

where h{X) = ^ is an odd Urabe function. 

Proof of Theorem 3-2 Let a variable defined above u such that 

giu) = e^(-)ff(a;) 

where 

g{x)=x{l-x){l + Dx), f{x) = ^^ 
u = ,l>{x) = ^[{l-x)-^-l]. 

Hence 

g{u) = e^^'^^gix) = x{l + Dx){l - x)'^^ 
So, by Theorem 2-6 (Ld^f) has an isochronous center at if and only if 



^ ' dX 



where H = H{X) is an even function. 
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In deriving, one obtains 

g'{u) = D{F - 2)x^ + {F + 2D-l)x + l 
since ^ = (1 ~ x)~^~^ . By the same way we calculate 

g"{u) = [2D{F -2)x + F + 2D xf+^ 

g^^\u) = [2D{F - 2)(1 - xf+^ - 2D{F - 2){F + l)a;(l - x)^ - 
(F + l)F + 2£l - 1](1 - - xf+^ 

= [-2D{F + 2){F - 2)x - 61) - + 1](1 - 
.g^H = ~2D{F^ - 4)(1 - + 
{2F + l)[-2L>(i^ + 2)(i^ - 2)x - 61) - + 1](1 - xf^+'^ 
= [2D{F + 2){F - 2){2F + 2)x + (6L> + F^ _ i-^(2F + 1) - 2£)(F + 2){F - 2)] 
Thus, 

^'(0) = 1, ^"(0) = F + 2£» - 1 5(3) (0) = -F^ - 6£) + 1 

5^(0) = 2F^+12F)F-2DF2+F2-2F+14D-1 = (F+1)[2F2-2F)F+14D-F-1] 
g^^\Q) = {E + 1)(-6F^ + F^ + lOF^F^ + 4F - 40F)F + 1 - 30£)), ... 
On the other hand, starting from g{u) = x+h{x) ^'^^ S^^^ 

g"(0) = -3/i'(0), ,9(3) (0) = -4/i/'(0) + 15/i'2(0) 

g(4)(0) - -105/i'3(0) + Abh'{Q)h"{0) - ^h^'^\Q) 
^(5)(0) = -6/i(4)(0) + 70/i"2(0) - 25/i'(0)/i(3)(0) - 330/i"(0)/i'2(0) + 105/i'4(0). 
We then have 

4/i"(0) = F^ + 6F)-1 + ^(F + 2F)-1)2 = (^)[4F2 + 10F)F+10FI^-F)-5F+1] 

We have already seen that a necessary condition to have an isochronous center 
is /i"(0) = which is equivalent to the Loud isochronicity condition [L] 

(Ci) 4F^ + 10F>F + 10£)2 - F> - 5F + 1 = 0. 

Using the above calculus, we find an isochronicity condition (different of 
those given by Loud) which permits to obtain by another way the four pairs of 
isochrone Loud systems (Ld,f)- 

Recall at first since h"{0) = then by Corollary 2-11 

/i(3)(0) = -3/i'3(0) 
g^^\0) = 15h'^{0) 
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^(4)(o) = -105/i'3(0) - 5/i(3)(0) = -90/i'3(0) = =^{F + 2D- if 
By idendification we get 

^(4)(o) = 2F^ + 12DF - 2DF^ + F^ - 2F + IAD - 1 = 

— (F + 2D- if = -2{F^ + 6D- 1){F + 2D-1) 
3 

After simplification we obtain the new isochronicity condition 

(C2) 4F^ + 24DF + 24:D^ + 2DF^ - - 4F - 2£) + 1 = 
Combined with (Ci) we may assert 

Lemma 3-4 The two equations 

(Ci) 4^2 + lODF + 10£)2 - £) - 5F + 1 = 

(C2) 4F3 + 24£>F + 24£)2 + 21)^2 - F^ - AF - 2D + 1 = Q 
have only the following common real solutions 

D = 0,F=1;D = -1/2,F = 2;D = 0,F= 1/4; F= l/2,£> = -1/2 

Proof We may use classical computational method. 
Write their resultants respectively of D and F 

Ri (D) = 864 D^ + 22176 D^ + 7536 D^ + 25920 D^ + 9600 £>*^ 

R2{F) = -17280 F^ + 192 + 9000 F^ - 2160 F - 6480 F^ + 15768 F* + 960 F^ 
Resolve now Ri{D) = and R2{F) = 0. The first equation gives real solutions 

D = 0, D = ^. 

The second equation gives 

F = l, F = 2, F=l/4, F = l/2 
Thus, one obtains exactly the four points. 

In fact, thanks to Maple in solving (Ci) and (C2) one obtains five pairs of 
solutions. The four real pairs 

{£> = 0, F = 1}; {D = -1/2, F = 2}; {D = 0, F = 1/4}; {F = 1/2, D = -1/2} 
and a complex solution. 



21 



Finally, two cases may occur. First if h'{0) = 0, then 

2D + F-1 = 0. 

It implies 

g'{u) = D{F - 2)x^ + {F + 2D -l)x+l = l. 

Then, 

D{F -2) = F + 2D-l = {) 

and necessarely {D,F) = (0,1) or {D,F) = (— i,2). Moreover, it impHes 
h{X) = and H{X) = 0. Thus, one find again the Loud isochrone systems 
(Lo,i) and (i>-i,2)- 

For the non trivial case h{X) ^ 0. Let us denote h'{0) = a ^ 0. Then the 
preceding calculus gives 

/i(3)(0) = -3a^ /i(5)(0) = 45a^ h^^\0) = -1575a^ .... 

That means the functions must take the following form 



H{X) = -^/l + a^X■^, h{X) = 



aX 



VI + a^X'^ 

, F = J one finds a ■- 

sponding Urabe function is 



Notice that for D = 0, F = j one finds a = j. In this case the corre- 



h{X) ^ 



VX'^ + 16 

For D = F = ^, one finds a = ^ and the corresponding Urabe function 

is 

By our method we prove there are no other center candidate to be isochronous. 
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4 Others monotonicity and isochronicity cases 
4.1 On a generalization 

One of the most general equation that reduces to Equation (E) is 

, . ( x = -a{x)y 
^ \ y = l3{x)+ax)y^ 

with a, /3, ^ analytic functions in Nq a neighborhood of 0. 
Equation (Eg) is equivalent to (E) with 

^^^^ = = a{x)P{x). 

We prove the following without need to suppose / and g odd. 

Corollary 4-1 Let a, (3,^ he analytic functions, with a{x) > and 
xP{x) > in No a neighborhood ofO. Let 



Jo a{x) 



A necessary and sufficient condition for the origin to be an isochronous center 
of {Eg) is 

where h(X) is an odd Urabe function. 
In particular, one gets the equivalence 

a{x)p'{x) + ^{x)l3{x) = 1 <^ h{X) = 



Proof This result follows from Theorem 2-6. 
Indeed, since a{x) > condition xl3{x) > is equivalent to xg{x) > in A^o- 
Moreover, 

f{x)g{x)+g'{x) = aix)p'ix)+ax)m 
One has by notations of the preceding section 

F{x) = r f{x)dx = r ^dt - Loga{x) 
Jo Jo 

a{x) 



u = (j){x) 



r e^^^)dx= r^ei:^''dx 

Jo Jo o:{x) 
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Then we define g{u) = g{x)e'^^^' = (3{x)e->o ^ . 

Moreover, a necessary and sufficient condition of isodironicity is 

where h{X) is an odd Urabe function. So, the condition holds by Corollary 2-1 
and from the derivative 

f=o(x),5'W + = A[_|_,. 

4.2 Reduced Kukles systems 

In this paragraph we apply preceding results to determine the monotonicity of 
the period function of reduced Kukles systems with a center at the origin. 
These systems correspond to socond order differential equations and can be 
written as cubic systems under the form 



( x = -y 

\ y = x + aix^ + a2xy + a^y'^ + a^x^ + ar,x^y + a^xy"^ 
narameters fl„-. « = 1.2....6. 



depending on parameters a,, i = 1,2, ..,6. 
There are only four classes of reduced systems with a center, two of them are 
reversible systems. In the case when the system symmetric with respect to the 
X-axis, [R-S-T] proved that 02 = cis = is a necessary and sufficient condition 
for the reduced system to have a center. That is 



y = x + a-ix"^ + asy"^ -\- a^x^ + a^xy"^. 



They also obtain a non elementary first integral and the bifurcation diagram. 
Although the problem of finding general conditions for the Kukles systems to 
have a center still yet unsolved. 

[Kq) is also related to our equation 

{E) x + f{x)x^+g{x)=0 

with 

J{x) = 03 + a6.x, g{x) = X + aix? + a^x^ . 

[S] interested in the monotonicity of the period function for system (JsTq) and 
found some sufficient condition but with restrictive hypotheses. 
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Corollary 4-2 Let the expression 

Sko = lOaf + lOaifla + — 9a4 — Quq 

(i) - If Skq > then the period function of (Kq) is increasing at 0. 
(a) - If Sko < then the period function of {Kq) is decreasing at 0. 

Indeed, this statement follows from Corollary 2-11 since 

S{f,9) = Sk, = 5g"\0) + 10.g"(0)/(0) + 8/^(0) - 85'" (0) - 6/'(0). 

Sko = lOa? + lOaiaa + Aa^ — 9a4 — Gae- 

Remark What it happens when Sko = ? It is wellknown the origin is 
never isochronous (except for the Hnear case) since it is a weak center of order 
at most 3, [R-S-T]. Moreover, a such center has a perturbation with at most 3 
local critical periods. 

We can see that in another manner thanks to Maple. Let us take again the proof 
of Corollaries 2-10 and 2-11. We get from the relation which connects g{u) and 
HiX) 

~gi^){0) = g(^){0) - 2/(0)5"'(0) - f'{0)g"{0) + 2/'(0)ff"(0)- 
7/(0)/'(0) + /"(O) + 2/3(0) = -90H"%0) 

and 

~g"{0)=g"{0) + f{0) = -3H"{0) 
Recall that ^(a;) = g{x)e^^^\ After replacing we then obtain 

^"(0) = 2ai -h as = -SH"{0) 

5^(0) = 24 as + 12 ai ag + 12 ai as'^ -M5 as -|- 3 as^- 
3 (6 +Q tti as +3 ag +3 as^) as — 3 {2 ai + 2 as) ag + 3 {2 ai + 2 as) as^— 

2 [6 + 6 ai as + 2 ag + 4, as^ - 2 {2 ai + 2 as) as) a3-{2 ai + as) ae+{2 ai + as) as"^ — 

{p a^ ai as + 2 ae + 4: as^ - 2 (2 aj + 2 as) as - {2 ai + as) as) 03 — 10/3 (2 aj -|- as)^ 

= -90iJ"3(0) = y(2ai+a3)3 
Simplifying the above expression one gets 

^Ko2 = as -22 ai as +- (-120 ai - 3Q a^ - 21 ag) as+'i ai «6--^ =0 

By the same way in considering g^^\Q) and its connection with derivatives of 
the function H{X) 

g^^\0) - 630H"^{0) = -4 as'^ + Sai as^ + (22 ag + 18 a^) as^ - 26 ai ag as- 



25 



70 



One obtains another relation 



^Ko3 = -4 a/ + i (72 aj - 70) as^ + 1/9 (-420 ai + 198 ag + 162 a^) 

i (-234 aj ae - 840 aj^) aa - 8 ag^ - a^^. 
9 9 

Solving now Sko = 0, ^Ko2 = 0, one gets the following 
(i) if aitts ^ and — 4ai + 3a3 7^ then 

/o /o^ (53aiai + 40a? + lOaf + SOa^as) 
ae = -(2/3j 



a4 = (2/9) 



(-4ai + Sas) 
(20a? + 75a^a3 + 60 * aia^ + 16a|) 



(-4ai + 3a3) 
(ii) if ai = 0, as = then 

1 

a4 = -g^^e- 
Moreover, the system of three equations 

has only the trivial solution ai = as = a4 = ae = corresponding to the linear 
isochrone. 



4.3 A cubic system 

Cubic systems with non homogeneous singularities take the following form 

r X = -y + bix^ + 622/^ + baxy + 640;^ + b5x'^y + b^xy^ + bry^ 
\ y = x + axx^ + aiy^ + a^xy + a4X^ + a^yx^ + a(,xy^ + a-^y^ 

In polar coordinates this system may be written under the form 



J f = r'^{R3 sin 361 + Ri sin 6*) + rs {R4 sin 461 + R2 sin 26) 
^^*' \ ^ = 1 + r(i?3 cos 361 + n cos 61) + r'^{R4 cosAO + R2 cos 261 + ro) 

Pleshkan studied systems with homogeneous singularities and an isochronous 
center at 0. He proved that there are only four different classes of such systems. 
Chavarriga and Garcia ([C-S] sect. 12) considered cubic reversible systems of 
the form above (C*). 

They completely classified the case R3 = 0. More precisely, they proved that 
such systems with an isochronous center at and verifying i?3 = and i?4 7^ 
can be brought to one of the Pleshkan cubic homogeneous systems, denoted by 
{SI), {S2), {S3) or {SI) (in using their terminology). The remainig case R3 
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still opon. There are only few examples of such systems verifying Rs 7^ 0. 
Garcia considered families of isochrone reversible cubic systems of the form (see 
[G] p 108) 



r x^-y + {2-n+ Ri)xy + (3i?4 + 2i?2 - - ro)x^y + (rs - ro - i?4)2/^ 
\ y = x + {l + ri)x2 + - 1)2/2 + + ro + r2)x^ + (rg + ra + 2i?2 - 'iRi)xy^ 

where i?2, -R4, ?'0i ^1 and r2 are the coefficients defined in (C*) satisfying 
the condition r2 — ro — i?4 = 0. 

Let us consider the following cubic system depending on five parameters. 
We will give necessary and sufficients conditions so that (C) has an isochronous 
center 



This system having a center at the origin 0. Moreover, we establish necessary 
and sufficient conditions so that this center is isochronous and no additional 
condition on these coefficients is required. 

More precisely, using our algorithm above we shall prove that System (C) 
possesses only four classes of isochrone systems. In particular, we produce 
examples of cubic reversible systems verifying i?3 ^ with an isochronous 
center at 0. The following result improves the study of cubic reversible systems 
started by Garcia, [G], p 108. 

Theorem 4-3 Let us consider the expression 



(i) - If Sc > then the period function of (C) is increasiny at 0. 

(a) - If Sc < then the period function of (C) is decreasing at 0. 

(Hi) - The system (C) has an isochronous center at if and only if it reduces 

to the one of the following 



{II) ai = 0,as = 0,ae = b,a4 = 0,b = b 
{III) ai = {1/U)al ae = {3/7)4, b = (l/7)ai ai = -(1/2)03, as = as 

{IV) ae = al, 04 = 0, 6 = (1/2)03, ai = -(1/2)03, as = as- 
Proof The system (C) is equivalent to Equation 




Sc = 20al + 200103 + 8o_^ - 1 804 - 606 + 66 



(/) 04 = -(2/3)6, 01 = 0, 03 = 0, ae = 3b,b = b 



{E) 



X + f{x)x^ + g{x) = 
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with 

fix) = = {x + aix^ + aiX^){l - hx^). 

We will apply preceding methods of Corollaries 4 and 5. 
Indeed, a calculus gives the following 

ln(-l + ta;2 Jag at, arctanh(Vb^) 

gF(x) ^ ^ , ' ln{-l+bx') + ^ ^ 1 

= (x + a, + a, x') (l - ^x^) e"^/' , . 
where ^ = e-^^^^. 

, ln(^-l + 6a;^^cig arctanh{Vbx) 

g{u) = - [x + ai + x^) e ' ^ + 75 

Recall by Corollary 2-11 

Sc = 5g"'{0) - 35'(0)g"'(0) = 5[5"(0) + /(O)]^ - 3[g"'{0) + 2/'(0) - /^(O)] 

= 5g"^0) + 105"(0)/(0) + 8/2(0) - 3g'"{0) - 6/'(0) 
So, we evaluate the expression 

Sc = A = (20 ai'^ + 20 as + 8 aj^ - 18 - 6 ag + 66) 

We thus prove part (i) and (ii) of Theorem 4-3. 
Now, in order to prove part (iii), we need to calculate the next derivatives of 

It yields respectively after simplication and thanks to Maple 
g(4)(o) = _i6 bal - 12 a3 a4 +Aa3b + 4:al a6 -2 al a3^ -7 a3 a6 + 2 a3^ 

g(5)(o) = -120 6a^ -|-80 6ai a5 + 16 6^ - 8 6a5 + 30 a^^a^ 
-8 a6'^ - 10 a3% + 10 a3^al + 29 a3'^a6 - 6 - 30 a3 al a6, 

and so on. 

On the other hand, another calculation yields (see also the remark following 
Corollary 2-10) 

gW{0) = 3780/i"'(0)(/i'(0)) +945 (/^'(0))^ 

5(5) (0) = -1800/i"'(0) - 105 {h'{0)f,... 

After identification and thanks to Maple we find only four (real) solutions (the 
details will be given in Appendice 2) 

(/) 04 = —(2/3)6, ai = 0, as = 0, ae = 36, 6 = 6 
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(//) ai = 0,as = 0,aQ = b,a4 = 0,b = b 
{III) m = (l/14)ai, ae = {3/7)4, b = (l/7)ai, ai = -{l/2)as, as = as 

(/y) ae = ai, 04 = 0, 6 = (l/2)ai, ai = -(l/2)as, as = as 
Case (/). Indeed, the following system 



(Ci) 



X = -y + haex'^y 
y = X - faex^ + a^xy"^ 



corresponds to Equation (E) of the form 



^i^ + ^^.la,x')^l-^x^)=0. 



3 — agx^ - • \ 9 " ' ^ 3 
This equation has an isochronous center at since the corresponding functions 

^(^^=3^^' 9ix) = {x-la,x'){l-^x') 
are odd and are such that 



5 2 / 2 \ / 1 

f{x)g{x) + g'{x) = -aQx{x - -a^x^) + il - -ag x^ \ il - - 



ae x^ 



\x - -agx j agx 

5,2 o, 5 2 10 24 -1 
= -a6x{x - -aex )1- -agx + — x =1 
o y o ^ I 

Then, by Corollary 2-7 System (C/) is isochrone. Notice that (C/) is denoted by 
(S's) in the classification of isochronous homogenous cubic systems of Pleshkan. 



Case (//). In this case (C) reduces to 
(Cii) 



c = -y + aex'^y 
y = x + aexy"^ 

which corresponds to Equation (E) of the form 

Saea; .2 / •^n „ 

x + T^x + {x - aex ) = 0. 

1 — aex^ 

This equation has an isochronous center at since the corresponding functions 

nx) = -^ 2' 9{x) = {x-aex) 

1 — aex 

are odd and 

f{x)g{x) + g'{x) = Saex^ — Saex^ + 1 = 1, 
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then by Corollary 2-7 (C//) is isoclironc. 

In fact, (C//) is a (trivial) cubic reversible degenerated system, i.e. R3 = = 0, 
(see Theorem 8.11 of [G]). Moreover, the change z = xp' transforms (Cj/) into 
the linear differential equation 

(— 1 + a^x )— = 2x + za^xz. 
ax 

It gives immediately a rational first integral and a transversal commuting sys- 
tem. 



The remaining cases are more instructive because they satisfy the condition 
-R3 ^ ( -R3 = being completely solved for cubic polynomial systems, [G]). 



Case {III). In this case (C) reduces to 
{Cm) 



y = x+ ^a^x^ + asy^ + j^alx^ + ^a^xy"^ 
{Cm) corresponds to Equation (E) of the form 

„ ^ a, + (5/7)«i^ .2 + _ (1/2)03^2 + (l/14)a^x=^)l - (l/7)a^x = 0. 

1 {i/i)a-^x 

Following Chavarriga this system has an isochronous center at 0. 
Case {IV). In this case (C) reduces to 



{Cjv) I ± = -V+iaixy 



19 2 

y = x+ ^a-ix"- + + a^xy"- 

{Civ) corresponds to Equation (E) of the form 

03 -|- 2a§a; 
l-(l/2)aia;' 

Following Garcia (family A, p. 109) {Civ) posseses two invariant algebraic curves 
and a first integral and a linearized change of variables. Thus, {Civ) is an 
isochrone system. 

Corollary 4-4 Under the hypothesis R3 7^ (i.e. ai ^ as) the system 



* + V-^-7T77;h-^^ + - (l/2)a3a;')(l - (l/2)a^x) = 0. 



(C) 



X = —y + bx y 
y = x + aix^ + azy"^ + a^x^ + a^xy"^ 



has an isochronous center at if and only it can he reduced to the one of the 
following 

(fi \ / x = -y+ jalx^y 

^ ^''> \ y = X + ^a^x'^ + asy'^ + ^alx^ + ^alxy'^ 



{Civ) 



-y+^ajx^y 



y = x + -^azx"^ + a^y'^ + a\xy'^ 



30 



5 Appendice 1 



Equation (E) 

x + /(,x).T^ +g{x) ^ 
can be solved by use firstly a reduction of the order by the change 

dp 

x=p, x = p—. 

ax 

The obtained first order equation can be solved in using the integrating factor 

/X 2 f f(s)ds 

IJ,{x) = e Jo ' . 

Let us consider the case 



then fi{x) = Y+^. 

Equation (E) may be deduced from the associated Lagrangian which is 

The Lagrangian density C = ^{j^^){d^(j)d^ (j)—m?' (jp') appears in some models 
of quantum field theory. 

2 

The one dimensional Schrodinger equation involving the potential ^^^^2 was 
considered as an example of anharmonic oscillator, see [L-R] for more details. 
In order to know the growth of the period function we will apply Lemma 1 
which transforms {E) 

—\x .2 oP'x 

to a conservative system 

u = v, V = —g{u) 

where 

, 2 sinhu 

g(u) = a 7 — 

' (coshu)3 

On the other hand, since the functions / and g are odd (and as well as g{u)) 
we may apply Corollary 2-5 to assert that 

x[g{x)(f>' {x)4>{x)g' (x) - 4>{x)g{x)f{x)] 

has a minimum at if and only if T is an increasing function. 
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6 Appendice 2: Complement of the proof of The- 
orem 4-3 

Let the functions 

f{x) = "'^ '^■^^^'^2^^^ ' = {x + aix^ + a4X^){l - bx^) 

where g{u) = x+^xj- "^^^ function h{X) may be written 

h{X) =dX + eX^ + cX^ + fcX^ + ... 
One find the two next derivatives of g{u) 

^(6)(o) = -144 as 6^ + lOSOba^ as + 272 6^aj - 46 ai ae^ - 90 as^aj^ 

—30 as ag + 44 bai ag — 400 as^bai + 208 as^ai ag + 92 as bag 
+24 as^ + 97 as ag^ + 30 as^b - 52 as^ai - 146 as'^a 
g(7)(o) = -1540 as^al ag + 2240 as^ai + 308 as^ai + 294 as'^a^ - 98 as*6 

-272 b^ - 3808 b^a^ as - 560 as 6aj ag + 874 as^ag + 504 aj^a^ ag 
-8400 ba^ as^ - 880 as^ftag + 840 as ai ag^ - 120 as^ + 104 ag^ + 1120 as'^b'^ 

-969a5^ag^ - 72 6^ag + 3696 b^a^ - 168 ag^ + 240 6ag^ + 1512 ag 
On the other hand, the relation between g{u) and h{X) gives 

^(6)(o) = -840 c- 11340 ed^ - 10395 rf^ 

(0) = 30240 dc + 135135 + 207900 d^e + 11340 e^. 
Finally, the identification yields the four solutions 

(Cj) 06 = 36, 04 = -(2/3)6, ai = 0, 03 = 0, h{X) = 
(C//) as = 6, ai = 0, 03 = 0, 04 = 0, = 0, = 

{Cm) b = {l/l)al, ae = (3/7)0^, ai = -(l/2)a3, = (l/14)al, h{X) = (1/3087)4x7+... 
(C/y) ai = -(l/2)a3, 06 = alb= {l/2)al = 0, h{X) = il/72)alX' + ... 
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